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In 1961, Erdős asked whether or not there exist words of arbitrary length over a fixed finite alphabet that avoid patterns
of the formXX ′ whereX ′ is a permutation ofX (calledabelian squares). This problem has since been solved in
the affirmative in a series of papers from 1968 to 1992. Much less is known in the case ofabeliank-th powers, i.e.,
words of the formX1X2 · · ·Xk whereXi is a permutation ofX1 for 2 ≤ i ≤ k.

In this paper, we considercrucial wordsfor abeliank-th powers, i.e., finite words that avoid abeliank-th powers, but
which cannot be extended to the right by any letter of their own alphabets without creating an abeliank-th power.
More specifically, we consider the problem of determining the minimal length of a crucial word avoiding abeliank-th
powers. This problem has already been solved for abelian squares by Evdokimov and Kitaev (2004), who showed
that a minimal crucial word over ann-letter alphabetAn = {1, 2, . . . , n} avoiding abelian squares has length4n−7
for n ≥ 3. Extending this result, we prove that a minimal crucial wordoverAn avoiding abelian cubes has length
9n − 13 for n ≥ 5, and it has length 2, 5, 11, and 20 forn = 1, 2, 3, and 4, respectively. Moreover, forn ≥ 4 and
k ≥ 2, we give a construction of lengthk2(n− 1)− k − 1 of a crucial word overAn avoiding abeliank-th powers.
This construction gives the minimal length fork = 2 andk = 3. Fork ≥ 4 andn ≥ 5, we provide a lower bound
for the length of crucial words overAn avoiding abeliank-th powers.

MSC (2010): 05D99; 68R05; 68R15

Keywords: pattern avoidance; abelian square-free word; abelian cube-free word; abelian power; crucial word; Zimin
word

1 Introduction
LetAn = {1, 2, . . . , n} be ann-letter alphabet and letk ≥ 2 be an integer. A wordW overAn contains a
k-th powerif W has a factor of the formXk = XX · · ·X (k times) for some non-empty wordX . A k-th
power istrivial if X is a single letter. For example, the wordV = 13243232323243 overA4 contains the
(non-trivial)4-th power(32)4 = 32323232. A wordW contains anabeliank-th powerif W has a factor
of the formX1X2 · · ·Xk whereXi is a permutation ofX1 for 2 ≤ i ≤ k. The casesk = 2 andk = 3
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give us (abelian) squaresandcubes, respectively. For instance, the preceding wordV contains the abelian
square43232 32324 and the word123 312 213 is an abelian cube. A wordW is (abelian) k-power-free
if W avoids(abelian)k-th powers, i.e., ifW does not contain any (abelian)k-th powers. For example,
the word1234324 is abelian cube-free, but not abelian square-free since it contains the abelian square
234 324.

A word W is crucial with respect to a given set ofprohibited words(or simply prohibitions) if W

avoids the prohibitions, butWx does not avoid the prohibitions for any letterx occurring inW . A
minimal crucial wordis a crucial word of the shortest length. For example, the word W = 21211 (of
length5) is crucial with respect to abelian cubes since it is abeliancube-free and the wordsW1 andW2
end with the abelian cubes111 and21 21 12, respectively. Actually,W is a minimal crucial word over
{1, 2} with respect to abelian cubes. Indeed, one can easily verifythat there do not exist any crucial
abelian cube-free words on two letters of length less than5.

Abelian squares were first introduced by Erdős [4], who asked whether or not there exist words of
arbitrary length over a fixed finite alphabet that avoid patterns of the formXX ′ whereX ′ is a permutation
of X (i.e., abelian squares). This question has since been solved in the affirmative in a series of papers
from 1968 to 1992 (see [5, 9, 7] and also [2]). Problems of thistype were also considered by Zimin [10],
who used the following sequence of words as a key tool.

The Zimin wordZn overAn is defined recursively as follows:Z1 = 1 andZn = Zn−1nZn−1 for
n ≥ 2. The first four Zimin words are:

Z1 = 1, Z2 = 121, Z3 = 1213121, Z4 = 121312141213121.

Thek-generalized Zimin wordZn,k = Xn is defined as

X1 = 1k−1 = 11 · · · 1, Xn = (Xn−1n)
k−1Xn−1 = Xn−1nXn−1n · · ·nXn−1

where the number of 1’s, as well as the number ofn’s, is k − 1. ThusZn = Zn,2. It is easy to see (by
induction) that eachZn,k avoids (abelian)k-th powers and has lengthkn − 1. Moreover, it is known that
Zn,k gives the length of a minimal crucial word avoidingk-th powers.

However, much less is known in the case of abelian powers. Crucial abelian square-free words (also
calledright maximal abelian square-free words) of exponential length are given in [3] and [6], and it is
shown in [6] that a minimal crucial abelian square-free wordover ann-letter alphabet has length4n− 7
for n ≥ 3.

In this paper, we extend the study of crucial abeliank-power-free words to the case ofk > 2. In
particular, we provide a complete solution to the problem ofdetermining the length of a minimal crucial
abelian cube-free word (the casek = 3) and we conjecture a solution in the general case. More precisely,
we show that a minimal crucial word overAn avoiding abelian cubes has length9n − 13 for n ≥ 5
(Corollary 9), and it has length 2, 5, 11, and 20 forn = 1, 2, 3, and4, respectively. Forn ≥ 4 andk ≥ 2,
we give a construction of lengthk2(n−1)−k−1 of a crucial word overAn avoiding abeliank-th powers
(see Theorem 11). This construction gives the minimal length for k = 2 andk = 3, and we conjecture
that this is also true for anyk ≥ 4 and sufficiently largen. We also provide a rough lower bound for
the length of minimal crucial words overAn avoiding abeliank-th powers, forn ≥ 5 andk ≥ 4 (see
Theorem 12).

For a crucial wordX overAn, we letX = Xi∆i where∆i is the factor of minimal length such that
∆ii is a prohibition fori ∈ An. Note that we can rename letters, if needed, so we can assume that for any
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minimal crucial wordX , one has
∆1 ⊂ ∆2 ⊂ · · · ⊂ ∆n = X

where “⊂” means (proper)right factor (or suffix). In other words, for eachi = 2, 3, . . . , n, we have
∆i = Yi∆i−1 for some non-emptyYi. In what follows we will useXi andYi as stated above. We note
that the definitions imply:

X = Xi∆i = XiYi∆i−1 = Xn−1Yn−1Yn−2 · · ·Y2∆1,

for anyi = 2, 3, . . . , n − 1. Furthermore, in the case of crucial words avoiding abeliank-th powers, we
write∆ii = Ωi,1Ωi,2 · · ·Ωi,k, where thek blocksΩi,j are equal up to permutation, and we denote byΩ′

i,k

the blockΩi,k without the rightmosti.
Hereafter, we letℓk(n) denote the length of a minimal crucial word overAn avoiding abeliank-th

powers. The length of a wordW is denoted by|W |, and we denote by|W |x the number of occurrences
of a letterx in W . TheParikh vectorof a wordW overAn is defined by

P(W ) := (|W |1, |W |2, . . . , |W |n).

Clearly, ifW is an abeliank-th power, then|W |x ≡ 0 (mod k) for all lettersx occurring inW .

2 Crucial words for abelian cubes
2.1 An upper bound for ℓ3(n)
The fact that the 3-generalized Zimin wordZn,3 is crucial with respect to abelian cubes already gives us
an upper bound of3n − 1 for ℓ3(n). In Theorem 1 (below) we improve this upper bound to3 · 2n−1 − 1.
We then discuss a further improvement of the bound using a greedy algorithm, which gives asymptotically
O((

√
3)n). This greedy algorithm provides minimal crucial abelian cube-free words overAn for n = 3

andn = 4, while the construction in Theorem 1 is optimal only forn = 3. We also provide a construction
of a crucial word of length9n− 10 which exceeds our lower bound by only 3 letters, forn ≥ 5. Finally,
we end this section with a construction of a crucial abelian cube-free word overAn of length9n − 13,
which coincides with the lower bound given in Theorem 8 of Section 2.2 forn ≥ 5.

Theorem 1 One has thatℓ3(n) ≤ 3 · 2n−1 − 1.

Proof: We construct a crucial abelian cube-free wordX = Xn iteratively as follows. SetX1 = 11 and
assumeXn−1 has been constructed. Then do the following:

1. Increase all letters ofXn−1 by 1 to obtainX ′
n−1.

2. Insert 1 after (to the right of) each letter ofX ′
n−1 and adjoin one extra 1 to the right of the resulting

word to getXn.

For example,X2 = 21211, X3 = 31213121211, etc. It is easy to verify that|Xn| = 3 · 2n−1 − 1.
We show by induction thatXn avoids abelian cubes, whereasXnx does not avoid abelian cubes for any
x ∈ An. Both claims are trivially true forn = 1. Now taken ≥ 2. If Xn contains an abelian cube, then
removing all 1’s from it, we would deduce thatXn−1 must also contain an abelian cube, contradicting the
fact thatXn−1 contains no abelian cubes.
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It remains to show that extendingXn to the right by any letterx from An creates an abelian cube. If
x = 1 then we get111 from the construction ofXn. On the other hand, ifx > 1 then we swap the
rightmost 1 with the rightmostx in Xx, thus obtaining a word where every other letter is 1; removing all
1’s and decreasing each of the remaining letters by 1, we haveXn−1(x − 1), which contains an abelian
cube (by the induction hypothesis). 2

As a further improvement of Theorem 1 we sketch here, withoutproviding all the details, the work of a
greedy algorithm. Here, “greedy” means that we assume (by induction) that an “optimal” crucial abelian
cube-free wordXn−1 overAn−1 has been constructed. Next (for the greedy step) we add just twon’s (the
minimum possible), and then we add as few of the other lettersas possible to build a crucial abelian cube-
free wordXn overAn. More precisely, we set∆1 = 11 and assuming that∆i−1 is built, we consider the
minimum listTi of letters we must add (formingYi and possibly updating∆i−1 by permuting letters in
Yi−1) to build∆i, for i = 2, 3, . . . , n, which can then be turned into a construction of a crucial abelian
cube-free wordXn overAn. It is easy to see from the definitions of an abelian cube and a crucial word
thatT2 must contain at least two 2’s and at least one 1. ThenT3 must contain at least two 3’s, at least one
2, and at least three 1’s (the last statement follows from thefact that the two 3’s in∆3 are supposed to
be accompanied by at least one 1 inΩ3,1 andΩ3,2 in ∆33 = Ω3,1Ω3,2Ω3,3, but without extra 1’s, whose
number of occurrences must be divisible by 3, we cannot manage it). Running this type of argument, one
can come up with the followingTi for initial values ofi:

T2 = {1, 2, 2}, T3 = {1, 1, 1, 2, 3, 3}, T4 = {1, 1, 1, 2, 2, 2, 3, 4, 4},

T5 = {1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 5, 5},

T6 = {1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5, 6, 6}, etc.

In particular, we observe that(|Tn|)n≥1 = 2, 3, 6, 9, 18, 27, . . .where

|T2i+1| = 2 · 3i and |T2i+2| = 3i for all i ≥ 0.

Hence, these considerations lead to a crucial abelian cube-free word over ann-letter alphabet of length

⌊n−1

2
⌋∑

j=0

2 · 3j +
⌊n

2
⌋∑

j=1

3j.

Initial values for the lengths are 2, 5, 11, 20, 38, 65,. . . . Furthermore, by observing that
∑m

j=0
3j =

3
m+1−1

2
for any integerm ≥ 0 (which can be easily proved by induction), we deduce that thelength of a

crucial abelian cube-free word obtained in this way is asymptoticallyO((
√
3)n). Even though this length

is exponential, wedo in fact obtain optimal values forn ≤ 4. Below we list optimal abelian cube-free
crucial words overAn for n = 1, 2, 3, 4 of lengths 2,5,11, and 20, respectively:

11;
21211;

11231321211;
42131214231211321211.



Crucial abeliank-power-free words 5

A construction giving the best possible upper bound forn ≥ 5 can be easily described by examples,
and we do this below (forn = 4, 5, 6, 7; the construction does not work forn ≤ 3). We also provide a
general description. The pattern in the construction is easy to recognize.

An almost optimal construction for crucial abelian cube-free words.

An almost optimal construction of a crucial abelian cube-free wordWn overAn for n = 4, 5, 6, 7 is
shown below. We use spaces to separate the blocksΩn,1, Ωn,2, andΩ′

n,3 in Wn = ∆n.

W4 = 344233122 433221432 32122334

W5 = 455344233122 544332215432 43212233445

W6 = 566455344233122 655443322165432 54321223344556

W7 = 677566455344233122 766554433221765432 65432122334455667

In general, the blockΩn,1 in Wn = ∆n = Ωn,1Ωn,2Ω
′
n,3 is built by adjoining the factorsi(i+1)(i+1)

for i = n − 1, n − 2, . . . , 1. The blockΩn,2 is built by adjoining together the following factors:n,
xx for n − 1 ≥ x ≥ 2, andn(n − 1) . . . 2. Finally, the blockΩ′

n,3 is built by adjoining the factors
(n− 1)(n− 2) . . . 1, xx for 2 ≤ x ≤ n− 1, and finallyn.

It is easy to see that|Wn| = 9n− 10. We omit the details of showing thatWn is crucial with respect
to abelian cubes since this can be shown in a similar manner for the optimal construction described below
(see the proof of Theorem 11).

An optimal construction for crucial abelian cube-free words.

An optimal construction of a crucial abelian cube-free wordEn overAn for n = 4, 5, 6, 7 works as
follows. As above, we use spaces to separate the blocksΩn,1, Ωn,2, andΩ′

n,3 in En = ∆n.

E4 = 34423311 34231134 3233411

E5 = 45534423311 45342311345 4323344511

E6 = 56645534423311 56453423113456 5432334455611

E7 = 67756645534423311 67564534231134567 6543233445566711

In general, the blockΩn,1 in En = ∆n = Ωn,1Ωn,2Ω
′
n,3 is built by adjoining the factorsi(i+1)(i+1)

for i = n − 1, n − 2, . . . , 2, followed by two 1’s. The blockΩn,2 is built by adjoining the following
factors:i(i+ 1) for i = n− 1, n− 2, . . . , 2, followed by11, and then the factor34 · · · (n− 1)n. Finally,
the blockΩ′

n,3 is built by adjoining the factors(n−1)(n−2) · · · 32, thenxx for 3 ≤ x ≤ n−1, followed
by n, and finally two 1’s.

We haveEn = Ωn,1Ωn,2Ω
′
n,3 whereΩn,3 = Ω′

n,3n, and by construction eachΩn,i contains two1’s,
one2, two n’s, and threex’s for x = 3, . . . , n − 1. That is, for eachi = 1, 2, 3, the Parikh vector of
the blockΩn,i is given byP(Ωn,i) = (2, 1, 3, 3, . . . , 3, 2). Hence,P(En) = (6, 3, 9, 9, . . . , 9, 5), and
therefore|En| = 6 + 3 + 9(n − 3) + 5 = 9n − 13. Moreover, for alln ≥ 4, the wordEn is crucial
with respect to abelian cubes. We omit the proof of this latter fact since it is very similar to the proof
of Theorem 11 (to follow), from which the fact can actually bededuced by settingk = 3 (in view of
Remark 3, later). Thus, a minimal crucial word avoiding abelian cubes has length at most9n − 13 for
n ≥ 4. That is:
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Theorem 2 For n ≥ 4, we haveℓ3(n) ≤ 9n− 13.

Proof: See the proof of Theorem 11 where one needs to setk = 3 (in view of Remark 3, later). 2

2.2 A lower bound for ℓ3(n)
If X = ∆n is a crucial word overAn with respect to abelian cubes, then clearly the number of occurrences
of each letter exceptn must be divisible by3, whereas the number of occurrences ofn is 2 modulo 3. We
sort in non-decreasing order the number of occurrences of the letters1, 2, . . . , n − 1 in X to get a non-
decreasing sequence of numbers(a1 ≤ a2 ≤ · · · ≤ an−1). Notice thatai does not necessarily correspond
to the letteri. We denote bya0 the number of occurrences of the lettern. Also note thata0 can be either
larger or smaller thana1. By definitions,|X | =

∑n−1

i=0
ai.

For example, the abelian cube-free crucial wordEn of length9n − 13 in Sec. 2.1 has the following
sequence ofai’s: (a0, a1, . . . , an−1) = (5, 3, 6, 9, . . . , 9). In this subsection, we prove that this sequence
cannot be improved forn ≥ 5, meaning that, e.g., 5 cannot be replaced by 2, and/or 6 cannot be replaced
by 3, and/or 9(’s) cannot be replaced by 3(’s) or 6(’s), no matter what construction we use to form a crucial
word. This is a direct consequence of Lemmas 4–7 (below) and is recorded in Theorem 8. In the rest of
this section we use, without explanation, the following twofacts that are easy to see from the definitions.
For any letterx in a crucial abelian cube-free wordX overAn:

1. |∆x|x ≡ 2 (mod 3) and|∆x|y ≡ 0 (mod 3) for any other lettery occurring inX .

2. If x+1 occurs inX , then we have∆x+1 = Yx+1∆x where|Yx+1|x+1 ≡ 2 (mod 3), |Yx+1|x ≡ 1
(mod 3), and|Yx+1|y ≡ 0 (mod 3) for any other lettery occurring inX .

The following fact will also be useful.

Lemma 3 SupposeX is a crucial abelian cube-free word overAn containing lettersx andy such that
x < y < n and|X |x = |X |y = 6. Then∆x cannot contain5 occurrences of the letterx.

Proof: Suppose to the contrary that (under the hypotheses of the lemma) ∆x contains 5 occurrences
of the letterx. Let A1 = YnYn−1 · · ·Yy+1 andA2 = YyYy−1 · · ·Yx+1 so thatX = A1A2∆x. Then
|A1A2|x = 1 and|A1A2|y ≥ 3, contradicting the fact that each of the blocksΩn,1, Ωn,2, andΩ′

n,3 in
X = ∆n = Ωn,1Ωn,2Ω

′
n,3 must each receive twox’s and twoy’s. 2

Lemma 4 For a crucial abelian cube-free wordX overAn, the sequence ofai’s cannot contain3, 3.
That is,(a1, a2) 6= (3, 3).

Proof: Suppose thatx andy are letters such thatx < y < n and |X |x = |X |y = 3. Let A1 =
YnYn−1 · · ·Yy+1 andA2 = YyYy−1 · · ·Yx+1 so that we haveX = A1A2∆x. Then we must have the
following distribution ofx’s andy’s in X : |A1|y = 1, |A2|y = 2, |A2|x = 1, and|∆x|x = 2. However,
we get a contradiction, since each of the blocksΩn,2 andΩ′

n,3 in X = ∆n = Ωn,1Ωn,2Ω
′
n,3 must receive

one copy ofx and one copy ofy, which is impossible (nox can exist between the two rightmosty’s). 2

Lemma 5 For a crucial abelian cube-free wordX overAn, the sequence ofai’s cannot contain6, 6, 6.
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Proof: Suppose thatx, y, z are three letters such thatx < y < z < n and|X |x = |X |y = |X |z = 6. Let
A1 = YnYn−1 · · ·Yz+1, A2 = YzYz−1 · · ·Yy+1, andA3 = YyYy−1 · · ·Yx+1 so thatX = A1A2A3∆x.
Then the minimal requirements on theAi are as follows:|A1|z ≥ 1, |A2|z ≥ 2, |A2|y ≥ 1, |A3|y ≥ 2,
and|A3|x ≥ 1. Moreover, applying Lemma 3 tox andy, we have|∆x|2 = 2. And applying the same
lemma to the lettersy andz guarantees thatA1A2 contains 4y’s (in particular,∆x does not contain any
y’s).

Looking atX = ∆n = Ωn,1Ωn,2Ω
′
n,3, we see that for eachi = 1, 2, 3, |Ωn,i|x = |Ωn,i|y = |Ωn,i|z =

2. Thus, inA3, we must have the following order of letters:x, y, y and the boundary betweenΩn,2 and
Ω′

n,3 must be betweenx andy in A3. But then∆x entirely belongs toΩ′
n,3, so it cannot contain anyz’s

(if it would do so,∆x would then contain 3z’s which is impossible). On the other hand, we must have
|A3|z = 3 for Ω′

n,3 to receive 2z’s. Thus,∆y contains2 y’s, 3 z’s, and 3x’s, which is impossible by
Lemma 4 applied to the word∆y with two letters occurring exactly 3 times each. (Alternatively, one can
see, due to the considerations above, that noz can be between the two rightmostx’s, contradicting the
structure of∆y). 2

Lemma 6 For a crucial abelian cube-free wordX overAn, the sequence ofai’s cannot contain3, 6, 6.

Proof: Suppose thatx, y, andz are letters such that|X |x = 3 and|X |y = |X |z = 6. We consider three
cases covering all the possibilities up to renamingy andz.

Case 1: z < y < x < n. One can see that∆y does not containx, but it contains at least 3z’s contradict-
ing the fact that each of the blocksΩn,1, Ωn,2, andΩ′

n,3 must receive 1x and 2z’s.

Case 2: x < z < y < n. We letA = YnYn−1 · · ·Yz+1 so thatX = A∆z. All threex’s must be in∆z,
while A must contain at least 3y’s contradicting the fact that each of the blocksΩn,1, Ωn,2, and
Ω′

n,3 must receive 1x and 2y’s.

Case 3: z < x < y < n. We let A1 = YnYn−1 · · ·Yy+1, A2 = YyYy−1 · · ·Yx+1, andA3 =
YxYx−1 · · ·Yz+1 so thatX = A1A2A3∆z . The minimal requirements on theAi and∆z are as
follows: |A1|y ≥ 1, |A2|y ≥ 2, |A2|x = 1, |A3|x = 2, |A3|z ≥ 1, and|∆z |z ≥ 2. Now∆z cannot
contain 3y’s, for otherwise, considering the structure of∆x, it would not be possible to distribute
x’s andy’s in a proper way. However, ifA3 contains3 y’s then, so as not to contradict the structure
of ∆x (no proper distribution ofy’s andz’s would exist),∆x must contain 3z’s, which contradicts
to the structure ofX = ∆n = Ωn,1Ωn,2Ω

′
n,3 (no proper distribution ofy’s andz’s would exist

among the blocksΩn,1, Ωn,2, andΩ′
n,3, each of which is supposed to contain exactly 2 occurrences

of y and 2 occurrences ofz). Thus, there are noy’s in ∆x, contradicting the structure of∆n (no
proper distribution ofy’s andx’s would exist among the blocksΩn,1,Ωn,2, andΩ′

n,3).

2

Lemma 7 For a crucial abelian cube-free wordX overAn,

(a0, a1, a2, a3, a4) 6= (2, 3, 6, 9, 9).
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Proof: Suppose|X |n = 2 and assume that|X |t = 3 for some other lettert. If t 6= n − 1, then all
three occurrences oft are in∆n−1, whereas the two occurrences ofn are inYn (recall thatX = ∆n =
Yn∆n−1). This contradicts the fact that|Ωn,1|n = |Ωn,1|t = 1. Thus,t = n− 1 and|X |n−1 = 3.

Now, assumingx, y, andz are three letters, withx < y < z < n − 1, occurring{6, 9, 9} times inX
(we do not specify which letter occurs how many times). Then,as in the proof of Lemma 5, we deduce
that∆z belongs entirely to the blockΩ′

n,3. Moreover, the blockΩ′
n,3 has{2, 3, 3} occurrences of letters

x, y, z (in some order). However, ifx or y occur twice inΩ′
n,3, they occur twice in∆z, contradicting the

structure of∆z. Thusz must occur twice inΩ′
n,3, and the lettersx andy each occur 3 times inΩ′

n,3. But
then it is clear thatx andy must each occur 3 times in∆z , contradicting the fact thatx andz should be
distributed properly in∆z, by Lemma 4. 2

Theorem 8 For n ≥ 5, we haveℓ3(n) ≥ 9n− 13.

Proof: This is a direct consequence of the preceding four lemmas, which tell us that any attempt to
decrease numbers in the sequence(5, 3, 6, 9, 9, . . . , 9) corresponding toEn will lead to a prohibited con-
figuration. 2

Corollary 9 For n ≥ 5, we haveℓ3(n) = 9n− 13.

Proof: The result follows immediately from Theorems 2 and 8. 2

Remark 1 Recall from Sec. 2.1 thatℓ3(n) = 2, 5, 11, 20 for n = 1, 2, 3, 4, respectively. For instance,
the word42131214231211321211 is a minimal crucial abelian cube-free word overA4 of length20
(= 2 + 3 + 6 + 9). This can be proved using similar arguments as in the proofsof the Lemmas 4–7.

3 Crucial words for abelian k-th powers
3.1 An upper bound for ℓk(n) and a conjecture

The following theorem is a direct generalization of Theorem1 and is a natural approach to obtaining an
upper bound that improveskn − 1 given by thek-generalized Zimin wordZn,k.

Theorem 10 For k ≥ 3, we haveℓk(n) ≤ k · (k − 1)n−1 − 1.

Proof: We proceed as in the proof of Theorem 1, with the only difference being that we begin with
X1 = 1k−1 and put(k− 2) 1’s to the right of each letter except for the last(k− 2) letters, after which we
put (k − 1) 1’s instead. 2

We skip here the analysis of the work of a greedy algorithm, and proceed directly with the construction
of a crucial abeliank-power-free wordWn,k overAn before describing the construction of a similar word
Dn,k that we believe to be optimal.

A construction of a crucial abelian k-power-free word Wn,k, where n ≥ 4 and k ≥ 3.

We illustrate each step of the algorithm by example, lettingk = n = 4.
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The construction can be explained directly, but we introduce it recursively, obtaining, forn ≥ 4, Wn,k

fromWn,k−1 and using the abelian cube caseWn,3 = Wn as the basis. Forn = 4,

W4,3 = Ω4,1Ω4,2Ω
′
4,3 = 344233122 433221432 32122334.

Assume thatWn,k−1 = Ωn,1Ωn,2 . . .Ω
′
n,k−1

is constructed and implement the following steps to obtain
Wn,k:

1. DuplicateΩn,1 in Wn,k−1 to obtain the word

W ′
n,k−1 = Ωn,1Ωn,1Ωn,2 . . .Ω

′
n,k−1.

Forn = k = 4,
W ′

4,3 = 344233122 344233122 433221432 32122334.

2. Append to the secondΩn,1 in W ′
n,k the factorn(n− 1) . . . 2 (in our example, 432) to obtainΩn,2

in Wn,k, and in each of the remaining blocksΩn,i in W ′
n,k−1

, duplicate the rightmost occurrence
of each letterx, where2 ≤ x ≤ n, to obtainWn,k. Forn = k = 4,

W4,4 = 344423331222 344233122432 433221443322 32122233344.

We provide two more examples here, namelyW5,4 andW4,5, respectively, so that readers can check
their understanding of the construction:

4555344423331222 4553442331225432 5443322155443322 432122233344455;

344442333312222 344423331222432 344233122443322 433221444333222 32122223333444.

It is easy to see that|Wn,k| = k2(n − 1) − 1. We omit the proof thatWn,k is crucial with respect to
abeliank-th powers since it is similar to the proof for the following wordDn,k, which isk letters shorter
thanWn,k (see Theorem 11).

A construction of a crucial abelian k-power-free word Dn,k, where n ≥ 4 and k ≥ 2.

As we shall see, the following construction of the wordDn,k is optimal fork = 2, 3. We believe that it
is also optimal for anyk ≥ 4 and sufficiently largen (see Conjecture 1).

As our basis for the construction of the wordDn,k, we use the following wordDn, which is constructed
as follows, forn = 4, 5, 6, 7. (As previously, we use spaces to separate the blocksΩn,1 andΩ′

n,2 in
Dn = ∆n.)

D4 = 34231 3231

D5 = 4534231 432341

D6 = 564534231 54323451

D7 = 67564534231 6543234561

In general, the first blockΩn,1 in Dn = ∆n = Ωn,1Ω
′
n,2 is built by adjoining the factorsi(i + 1) for

i = n− 1, n− 2, . . . , 2, followed by the letter1. The second blockΩ′
n,2 is built by adjoining the factors

(n− 1)(n− 2) · · · 432, then34 · · · (n− 2)(n− 1), and finally the letter1.



10 Amy Glen and Bjarni V. Halld́orsson and Sergey Kitaev

Remark 2 The above construction coincides with the construction given in [6, Theorem 5] for a minimal
crucial abelian square-free word overAn of length4n − 7. In fact, the wordDn can be obtained from
the minimal crucial abelian cube-free wordEn (defined in Sec. 2.1) by removing the second block inEn

and deleting the rightmost copy of each letter except2 in the first and third blocks ofEn.

Now we illustrate each step of the construction for the wordDn,k by example, lettingn = 4 and
k = 3. The construction is very similar to that ofWn,k and can be explained directly, but we introduce
it recursively, obtainingDn,k from Dn,k−1 for n ≥ 4, and using the crucial abelian square-free word
Dn,2 := Dn as the basis. Forn = 4, we have

D4,2 = Ω4,1Ω
′
4,2 = 34231 3231.

Assume thatDn,k−1 = Ωn,1Ωn,2 · · ·Ω′
n,k−1 is constructed and implement the following steps to obtain

Dn,k:

1. DuplicateΩn,1 in Dn,k−1 to obtain the word

D′
n,k−1 = Ωn,1Ωn,1Ωn,2 · · ·Ω′

n,k−1.

Forn = 4 andk = 3, D′
4,2 = 34231 34231 3231.

2. Append to the secondΩn,1 in D′
n,k−1

the factor134 · · ·n (in our example, 134; in fact, any permu-
tation of{1, 3, 4, . . . , n} would work at this place) to obtainΩn,2 in Dn,k. In each of the remaining
blocksΩn,i in D′

n,k−1
, duplicate the rightmost occurrence of each letterx, where1 ≤ x ≤ n and

x 6= 2. Finally, in the last block ofD′
n,k insert the lettern immediately before the leftmost1 to

obtain the wordDn,k. Forn = 4 andk = 3, we have

D4,3 = 34423311 34231134 3233411,

where the bold letters form the wordD′
4,2 from whichD4,3 is derived.

We provide five more examples here, namelyD5,3, D5,4, D4,4, D4,5, andD6,4, respectively, so that
readers can check their understanding of the construction:

45534423311 45342311345 4323344511;

455534442333111 455344233111345 453423111334455 43233344455111;

34442333111 34423311134 34231113344 3233344111;

34444233331111 34442333111134 34423311113344 34231111333444 3233334441111;

5666455534442333111 5664553442331113456 5645342311133445566 543233344455566111.

Remark 3 By construction,Dn,3 = En for all n ≥ 4.

Theorem 11 For n ≥ 4 andk ≥ 2, we haveℓk(n) ≤ k2(n− 1)− k − 1.
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Proof: Fix n ≥ 4 andk ≥ 2. We have

Dn,k = Ωn,1Ωn,2 · · ·Ωn,k−1Ω
′
n,k

whereΩn,k = Ω′
n,kn, and by construction eachΩn,i contains(k − 1) occurrences of the letter1, one

occurrence of the letter2, (k − 1) occurrences of the lettern, andk occurrences of the letterx for
x = 3, 4, . . . , n− 1. That is, for eachi = 1, 2, . . . , k, the Parikh vector of the blockΩn,i is given by

P(Ωn,i) = (k − 1, 1, k, k, . . . , k, k − 1), (1)

and henceP(Dn,k) = (k(k − 1), k, k2, k2, . . . , k2, k(k − 1)− 1). Thus,

|Dn,k| = k(k − 1) + k + k2(n− 3) + k(k − 1)− 1 = k2(n− 1)− k − 1.

We will now prove thatDn,k is crucial with respect to abeliank-th powers; whence the result. The
following facts, which are easily verified from the construction ofDn,k, will be useful in the proof.

Fact 1. In every blockΩn,i, the letter3 has occurrences before and after the single occurrence of the letter
2.

Fact 2. In every blockΩn,i, all (k − 1) of the1’s occur after the single occurrence of the letter2 (as the
factor1k−1).

Fact 3. For all i with 2 ≤ i ≤ k− 1, the blockΩn,i ends withni−1 and the other(k− 1− i+1)n’s occur
(together as a string) before the single occurrence of the letter 2 in Ωn,i. In particular, there are exactly
k − 2 occurrences of the lettern between successive2’s in Dn,k.

Freeness: First we prove thatDn,k is abeliank-power-free. Obviously, by construction,Dn,k is not an
abeliank-th power (as the number of occurrences of the lettern is not a multiple ofk) andDn,k does not
contain anytrivial k-th powers, i.e.,k-th powers of the formxk for some letterx. Moreover, each block
Ωn,i is abeliank-power-free. For if not, then according to the Parikh vectorof Ωn,i (see (1)), at least one
of theΩn,i must contain an abeliank-th power consisting of exactlyk occurrences of the letterx for all
x = 3, 4, . . . , n− 1, and no occurrences of the letters1, 2, andn. But, by construction, this is impossible
because, for instance, the letter3 has occurrences before and after the letter2 in each of the blocksΩn,i

in Dn,k (by Fact 1).
Now suppose, by way of contradiction, thatDn,k contains a non-trivial abeliank-th power, sayP .

Then it follows from the preceding paragraph thatP overlaps at least two of the blocksΩn,i in Dn,k. We
first show thatP cannot overlap three or more of the blocks inDn,k. For if so, thenP must contain at
least one of the blocks, and henceP must also contain allk of the2’s. Furthermore, all of the1’s in each
block occur after the letter2 (by Fact 2), so there are(k − 1)2 = k2 − 2k + 1 occurrences of the letter1
between the leftmost and rightmost2’s in Dn,k. Thus,P must contain allk(k − 1) = k2 − k of the1’s.
Hence, sinceΩ′

n,k ends with1k−1, we deduce thatP must end with the word

W = 23k−11k−1Ωn,2 · · ·Ωn,k−1Ω
′
n,k,

where|W |n = k, |W |3 = k(k − 1) + (k − 1) = k2 − 1, and|W |x = k(k − 1) for x = 4, . . . , n− 1. It
follows thatP must contain allk2 of the3’s. But then, since

Dn,k = (n− 1)nk−1 · · · 34k−1W
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(by construction), we deduce thatP must contain allk2 of the4’s that occur inDn,k, and hence allk2 of
the5’s, and so on. That is,P must contain allk2 occurrences of the letterx for x = 3, . . . , n−1; whence,
sinceDn,k begins with the lettern− 1, we haveP = Ωn,1Ωn,2 · · ·Ωn,k = Dn,k, a contradiction.

Thus,P overlaps exactly two adjacent blocks inDn,k, in which caseP cannot contain the letter2;
otherwiseP would contain allk of the2’s, and hence would overlap all of the blocks inDn,k, which is
impossible (by the preceding arguments). Hence,P lies strictly between two successive occurrences of
the letter2 in Dn,k. But thenP cannot contain the lettern as there are exactlyk − 2 occurrences of the
lettern between successive2’s in Dn,k (by Fact 3). Therefore, since the blocksΩn,i with 2 ≤ i ≤ k − 1
end with the lettern, it follows thatP overlaps the blocksΩn,1 andΩn,2. Now, by construction,Ωn,1

ends with1k−1, and henceP containsk of the2(k− 1) = 2k− 2 occurrences of the letter1 in Ωn,1Ωn,2.
But thenP must contain the letter2 becauseΩn,1 contains exactly(k − 1) occurrences of the letter1 (as
a suffix) and all(k − 1) of the1’s in Ωn,2 occur after the letter2 (by Fact 2); a contradiction.

We have now shown thatDn,k is abeliank-power-free. It remains to show thatDn,kx ends with an
abeliank-th power for each letterx = 1, 2, . . . , n.

Cruciality: By construction,Dn,kn is clearly an abeliank-th power. It is also easy to see thatDn,k1 ends
with the (abelian)k-th power∆11 := 1k. Furthermore, for allm = n, n− 1, . . . , 4, we deduce from the
construction that

Ωm,1 = (m− 1)mk−1Ωm−1,1,

Ωm,2 = (m− 1)mk−2Ωm−1,2m,

...

Ωm,k−2 = (m− 1)m2Ωm−1,k−2m
k−3,

Ωm,k−1 = (m− 1)mΩm−1,k−1m
k−2,

Ω′
m,k = (m− 1)Ω′

m−1,k[1
k−1]−1(m− 1)mk−21k−1,

whereΩ′
m−1,k[1

k−1]−1 indicates the deletion of the suffix1k−1 of Ω′
m−1,k.

Consequently, forx = n − 1, n − 2, . . . , 3, the wordDn,kx ends with the abeliank-th power∆xx

where∆x is such that

∆x+1 = x(x + 1)k−1∆x with ∆n := Dn,k.

2

Observe that|Dn,2| = 4n−7 and|Dn,3| = 9n−13. Hence, sinceDn,k is a crucial abeliank-power-free
word (by the proof of Theorem 11), it follows from [6, Theorem5] and Corollary 9 that the wordsDn,2

andDn,3 are minimal crucial words overAn avoiding abelian squares and abelian cubes, respectively.
That is, fork = 2, 3, the wordDn,k gives the length of a minimal crucial word overAn avoiding abelian
k-th powers. In the case ofk ≥ 4, we make the following conjecture.

Conjecture 1 For k ≥ 4 and sufficiently largen, the length of a minimal crucial word overAn avoiding
abeliank-th powers is given byk2(n− 1)− k − 1.
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3.2 A Lower Bound for ℓk(n)

A trivial lower bound forℓk(n) is nk − 1 as all letters exceptn must occur at leastk times, whereasn
must occur at leastk− 1 times. We give here the following slight improvement of the trivial lower bound,
which must be rather imprecise though.

Theorem 12 For n ≥ 5 andk ≥ 4, we haveℓk(n) ≥ k(3n− 4)− 1.

Proof: Assuming thatX is a crucial word over then-letter alphabetAn with respect to abeliank-th
powers (k ≥ 4), we see that adjoining any letter fromAn to the right ofX must create a cube as a factor
from the right. In particular, adjoiningn from the right side leads to creating a cube of length at least
9n− 13 (by Lemmas 4–7). This cube will beΩn,k−2Ωn,k−1Ω

′
n,k in X and thusΩn,i, for 1 ≤ i ≤ k − 1,

will have length at least3n− 4, whereasΩ′
n,k has length at least3n− 5, which yields the result. 2

4 Further Research
1. Prove or disprove Conjecture 1. Notice that the general construction uses a greedy algorithm for

going fromk − 1 to k, which does not work for going fromn− 1 to n for a fixedk. However, we
believe that the conjecture is true.

2. A wordW overAn is maximalwith respect to a given set of prohibitions ifW avoids the prohi-
bitions, butxW andWx do not avoid the prohibitions for any letterx ∈ An. For example, the
word323121 is a maximal abelian square-free word over{1, 2, 3} of minimal length. Clearly, the
length of a minimal crucial word with respect to a given set ofprohibitions is at most the length of a
shortest maximal word. Thus, obtaining the length of a minimal crucial word we get a lower bound
for the length of a shortest maximal word.

Can we use our approach to tackle the problem of finding maximal words of minimal length? In
particular, Korn [8] proved that the lengthℓ(n) of a shortest maximal abelian square-free word over
An satisfies4n−7 ≤ ℓ(n) ≤ 6n−10 for n ≥ 6, while Bullock [1] refined Korn’s methods to show
that6n− 29 ≤ ℓ(n) ≤ 6n− 12 for n ≥ 8. Can our approach improve Bullock’s result (probably
too much to ask when taking into account how small the gap is),or can it provide an alternative
solution?
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